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ABSTRACT. As an application of the grand Furuta inequality, we shall show char-
acterizations of usual order and chaotic order associated with operator equation
and Kantorovich type order preserving operator inequalities by using essentially
the same idea of T.Furuta. Also, we present a Kantorovich type inequality which
is a parallel result with Yamazaki and $\mathrm{Y}\mathrm{a}\mathrm{n}\mathrm{a}\mathrm{g}\mathrm{i}\mathrm{d}\mathrm{a}^{)}\mathrm{S}$ one. ..
1. Introduction. This note is based on a.ioint work [15] with T.Furuta and
[17].
In what follows, a capital letter means a bounded linear operator on a complex
Hilbert space $H$ . An operator $T$ is said to be positive (in symbol: $T\geq 0$ ) if
$(Tx, x)\geq 0$ for all $x\in H$ . Also an operator $T$ is strictly positive (in symbol: $T>0$ )
if $T$ is positive and invertible. We recall the celebrated Kantorovich inequality: If a
positive operator $A$ on a Hilbert space $H$ satisfies $M\geq A\geq m>0$ . then
$(A^{-1}x,x) \leq\frac{(M+m)^{2}}{4Mm}(Ax,X)-1$
for every unit vector $x\in H$ . The number $\frac{(M+m)^{2}}{4Mm}$ is called the Kantorovich constant.
The L\"owner-Heinz theorem asserts that $A\geq B\geq 0$ ensures $A^{p}\geq B^{\mathrm{p}}(0\leq p\leq 1)$ .
However $A\geq B$ does not always ensure $A^{2}\geq B^{2}$ in general. As an application of the
Kantorovich. $\mathrm{i}\mathrm{n}\mathrm{e}\mathrm{q}\mathrm{u}\mathrm{a}\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{y}_{J}$. Fhjii, Izumino. Nakamoto and the author [5] showed that $t^{2}$
is order preserving in the following sense: If $A\geq B\geq 0$ and $M\geq A\geq m>0$ , then
$\frac{(M+m)^{2}}{4Mm}A^{2}\geq B^{2}$ .
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Related to this, Furuta [13] showed the following order preserving operator inequal-
$\mathrm{i}\mathrm{t}\mathrm{y}$ :
Theorem A. If $A\geq B\geq 0$ and $M\geq A\geq m>0$ , then
$( \frac{M}{m})^{p-1}Ap\geq K_{+}(m, M,p)Ap\geq B^{p}$ holds for all $p\geq 1$ ,
where
$K_{+}(m, M,p)= \frac{(p-1)^{p1}-}{p^{\mathrm{p}}}\frac{(M^{p}-m^{p})^{p}}{(M-m)(mM^{p}-Mmp)^{p1}-}$ .
The order between positive invertible operators $A$ and $B$ defined by $\log A\geq\log B$
is said to be chaotic order $A>>B$ in [4] which is a weaker order than usual order
$A\geq B$ . In [22], Yamazaki and Yanagida showed the following chaotic order version
of Theorem $\mathrm{A}$ :
Theorem B. If $\log A\geq\log B$ and $M\geq A\geq m>0$ , then
$( \frac{M}{m})^{p}A^{\mathrm{p}}\geq K_{+}(m, M,p+1)A^{p}\geq B^{p}$ holds for all $p>0$ .
In fact, $\log A\geq\log B$ does not always ensure $A\geq B$ in general. However, by
Theorem $\mathrm{B}$ , it follows that $\log A\geq\log B\mathrm{i}\mathrm{m}\mathrm{P}\mathrm{l}\mathrm{i}\mathrm{e}\mathrm{S}^{\frac{(M+m)^{2}}{4Mm}A}\geq B$ .
Moreover, Yamazaki and Yanagida gave a new characterization of chaotic order
by means of the Kantorovich constant.
Theorem C. Let $A$ and $B$ be invertible positive operators and $M\geq A\geq m>0$ .
Then the following properties are mutually equivalent:
(I) $A\gg B$ (i.e., $\log A\geq\log B$ ).
(II) $\frac{(M^{p}+m^{p})^{2}}{4M^{p}mp}A^{p}\geq B^{p}$ holds for all $p\geq 0$ .
In this paper, as an application of the grand Fhruta inequality, we $\mathrm{s}\mathrm{h}\mathrm{a}_{i}11$ show
characterizations of usual order and chaotic order associated with operator equa-
tion and Kantorovich type order preserving operator inequalities which interpolates
Theorem A and Theorem $\mathrm{B}$ by using essentially the same idea of [12]. Also, we
present a Kantorovich type inequality which is a parallel result with Theorem C.
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2. Kantorovich type operator inequalities. Firstly we shall show the fol-
lowing $\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}\mathrm{a}_{\mathrm{C}\mathrm{t}\mathrm{i}_{\mathrm{Z}}\mathrm{t}}\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{i}\mathrm{o}\mathrm{n}$ of chaotic order associated with operator equation.
Theorem 1. Let $A$ and $B$ be invertible positive operators. Then the following prop-
erties are mutually equivalent:
(I) $A\gg B$ (i.e., $\log A\geq\log B$ ).
(II) For each $\alpha\in[0,1],$ $p\geq 0$ and $u\geq 0$ , there $exist\mathit{8}$ the unique invertible $po\mathit{8}itive$
contraction $T$ such that
$(A^{\frac{\alpha u}{2}}B^{p}A \frac{\alpha u}{2})^{s}=\tau A^{()}\mathrm{p}+\alpha us_{T}$
holds for any $s\geq 1$ and $(p+\alpha u)s\geq(1-\alpha)u$ .
(III) For each $\alpha\in[0,1]$ and $p\geq u\geq 0$ , there exists the unique invertible positive
contraction $TsuCh$ that
$(A^{\frac{\alpha u}{2}B^{p}A^{\frac{\alpha u}{2})^{s}}}=TA^{(\mathrm{p})}+\alpha us\tau$
holds for any $s\geq 1$ .
(IV) For each $p\geq 0$ , there $eXist\mathit{8}$ the unique invertible $po\mathit{8}itive$ contraction $T$ such
that
$B^{p}=TA^{p}T$.
As an application of Theorem 1, we obtain the following extension of Theorem $\mathrm{C}$
on a Kantorovich type characterization of chaotic order.
Theorem 2. Let $A$ and $B$ be invertible positive $operator\mathit{8}$ and $M\geq A\geq m>0$ .
Then the following properties are mutually equivalent:
(I) $A\gg B$ (i.e., $\log A\geq\log B$ ).
(II) For each $\alpha\in[0,1],$ $p\geq 0$ and $u\geq 0_{\mathrm{Z}}$
$\frac{(M^{(p+\alpha}u)_{S}+m(r\vdash\alpha u)s)^{2}}{4M(p+\alpha u)sm^{(pu}+\alpha)s}A^{(pu)s}+\alpha\geq(A^{\frac{\alpha u}{2}B^{p}A}\frac{\alpha u}{2})^{s}$
holds for any $s\geq 1$ and $(p+\alpha u)s\geq(1-\alpha)u$ .
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(III) For each $\alpha\in[0,1]$ and $p\geq u\geq 0$ ,
$\frac{(M^{(+\alpha}pu)s+m(p+\alpha u)s)^{2}}{4M^{(+\alpha}pu)sm\mathrm{C}\mathrm{p}+\alpha u)s}A^{(_{P+}\alpha}u)s\geq(A^{\frac{\alpha u}{2}B^{p}A^{\frac{\alpha u}{2}}})s$
holds for any $s\geq 1$ .
(IV) $\frac{(M^{p}+m^{p})^{2}}{4M^{p}m^{p}}A^{\mathrm{P}}\geq B^{p}$ $hold_{\mathit{8}}$ for all $p\geq 0$ .
Next, we shall show the following characterizations of usual order associated with
operator equation.
Theorem 3. Let $A$ and $B$ be positive invertible operators. Then the following as-
sertions are mutually equivalent:
(I) $A\geq B$ .
(II) For each $t\in[0,1],$ $p\geq 1$ and $s\geq 1$ such that $(p-t)s\geq t$ , there $e\dot{m}\mathit{8}ts$ a unique
invertible positive contraction $T$ such that
TA$(p-t)s\tau=(A^{-t/2}BpA^{-}t/2)^{S}$
(III) For all $p\geq 2$ , there $exi_{\mathit{8}}t_{S}$ a unique invertible $po\mathit{8}itive$ contraction $T$ such that
$TA^{\mathrm{p}-1}T=A^{-1/2}B^{p}A-1/2$ .
As an application of Theorem 3, we obtain the following Kantorovich type order
preserving operator inequality:
Theorem 4. Let $A$ and $B$ be $po\mathit{8}itive$ and invertible operators on a Hilbert space $H$
satisfying $M\geq A\geq m>0$ . Then the following $a\mathit{8}sertionS$ are mutually equivalent:
(I) $A\geq B$ .
(II) For each $t\in[0,1]$ ,
$\frac{(M^{(p-t)}s+m^{(}-)_{S}pt)^{2}}{4M(p-t)sm(p-t)S}A^{(p)s}-t\geq(A^{-\frac{t}{2}}B^{p}A^{-}\frac{t}{2})^{S}$




$hold_{\mathit{8}}$ for any $s\geq 1$ and $p \geq\frac{1}{s}+1$ .
(IV) $( \frac{M}{m})^{p-1}Ap\geq B^{p}$ holds for all $p\geq 1$ .
By Theorem 4, we have the following corollary which is a parallel result with
Theorem $\mathrm{C}$ associated with usual order.
Corollary 5. If $A\geq B\geq 0$ and $M\geq A\geq m>0$ , then
$\frac{(M^{p-1}+m^{p-1})^{2}}{4m^{p-1}Mp-1}A^{p}\geq B^{p}$ $hold\mathit{8}$ for all $p\geq 2$ .
Let $A$ and $B$ be positive invertible operators on a Hilbert space $H$. We consider
an order $A^{\delta}\geq B^{\delta}$ for $\delta\in(0,1]$ which interpolates usual order $A\geq B$ and chaotic
order $A\gg B$ continuously. The following theorem is easily obtained by Theorem 4.
Theorem 6. Let $A$ and $B$ be $po\mathit{8}itive$ and invertible operators on a Hilbert space $H$.
’
satisfying $A^{\delta}\geq B^{\delta}$ for $\delta\in(0,1]$ and $M\geq A\geq m>0$ , then
$( \frac{(M(p-\delta)s+m-\delta)s)^{2}(p}{4m^{(p-\delta)s}M(p-\delta)s})^{\frac{1}{\epsilon}}A^{p}\geq B^{p}$ holds for all $s\geq 1$ and $p \geq(\frac{1}{s}+1)\delta$ .
Remark 1. Theorem 6 interpolates Theorem A and Theorem $\mathrm{B}$ by means of
the Kantorovich $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{S}\mathrm{t}\mathrm{a}\mathrm{I}\mathrm{l}\mathrm{t}$. Let $A$ and $B$ be positive invertible operators and $M\geq$
$A\geq m>0$ . Then the following assertions holds:
(i) $A\geq B$ implies $( \frac{M}{m})^{p-1}Ap\geq B^{p}$ for all $p\geq 1$ .
(ii) $A^{\delta}\geq B^{\delta}$ implies $( \frac{(M^{(_{\mathrm{P}^{-\delta}})}s+m^{(p-\delta})s)^{2}}{4m^{(p)}-\delta sM(p-\delta)s})^{\frac{1}{\epsilon}}A^{p}\geq B^{p}$ for all $s\geq 1$ and $p\geq$
$( \frac{1}{s}+1)\delta$ .
(iii) $\log A\geq\log B$ implies $( \frac{M}{m})^{p}A^{p}\geq B^{p}$ for all $p>0$ .
It follows that the Kantorovich constant of (ii) interpolates the scalar of (i) and
(iii) continuously. In fact, if we put $\delta=1$ and $sarrow+\infty$ in (ii), then we have (i),
also if we put $\deltaarrow 0$ and $sarrow+\infty$ in (ii), then we have (iii).
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Moreover, Theorem 6 interpolates Theorem $\mathrm{C}$ and Corollary 5 by means of the
Kantorovich constant:
(i) $A\geq B$ implies $\frac{(M^{p-1}+m^{p-1})^{2}}{4m^{p-1}Mp-1}A^{p}\geq B^{p}$ for all $p\geq 2$ .
(ii) $A^{\delta}\geq B^{\delta}$ imples $( \frac{(M^{(p-\delta})S+m(\mathrm{P}^{-}\delta)s)^{2}}{4m^{(p-\delta)}sM^{(}p-\delta)s})^{\frac{1}{\epsilon}}A^{p}\geq B^{p}$ for all $s\geq 1$ and $p\geq$
$( \frac{1}{s}+1)\delta$ .
(iii) $\log A\geq\log B$ implies $\frac{(M^{p}+m^{p})^{2}}{4mPM^{p}}A^{p}\geq B^{p}$ for all $p>0$ .
The Kantorovich constant of (ii) interpolates the scalar of (i) and (iii). In fact, if
we put $\delta=1$ and $s=1$ in (ii), then we have (i), also if we put $s=1$ and $\deltaarrow 0$ in
(ii), then we have (iii).
3. Proof of the results. Related to the extension of the $\mathrm{L}\ddot{\mathrm{o}}\mathrm{w}\mathrm{n}\mathrm{e}\mathrm{r}arrow \mathrm{H}\mathrm{e}\mathrm{i}\mathrm{n}\mathrm{Z}$ theo-
rem, FUruta established the.. following ingenious order preserving operator inequality
which is called the Furuta inequality.
Theorem $\mathrm{F}$ (Furuta $\mathrm{i}\mathrm{n}\mathrm{e}\mathrm{q}\mathrm{u}\mathrm{a}\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{y}$) $([8])$ .




hold for $p\geq 0$ and $q\geq 1$ with
$(1+r)q\geq p+r$ .
Alternative proofs of Theorem $\mathrm{F}$ have been given in [3], [16], and one-page proof
in [9]. The domain drawn for $p,$ $q$ and $r$ in Figure is the best possible one [18] for
Theorem F.
As a corollary of [11, Theorem 1.1], Furuta established the following grand Furuta
inequality which interpolates Theorem $\mathrm{F}$ itself and an inequality equivalent to main
theorem of $\log$ majorization by Ando-Hiai [2].
Theorem $\mathrm{G}$ (The grand Kruta inequality) ([11]). If $A\geq B\geq 0$ and A $i_{\mathit{8}}$
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$invertible_{f}$ then for each $t\in[0,1]$ ,
$\{A^{\frac{r}{2}}(A^{-}\frac{\iota}{2}A^{p}A^{-\frac{t}{2}})^{s}A\frac{r}{2}\}^{\frac{1}{q}}\geq\{A^{\frac{r}{2}}(A^{-}\frac{t}{2}B^{p}A^{-\frac{t}{2}})^{s}A\frac{r}{2}\}^{\frac{1}{q}}$
holds for any $s\geq 0,$ $p\geq 0_{f}q\geq 1$ and $r\geq t$ with $(s-1)(p-1)\geq 0$ and
$(1-t+r)q\geq(p-t)_{S+r}$ .
An alternative proof of Theorem $\mathrm{G}$ in [6] and one-page proof in [14] and the best
possibility of Theorem $\mathrm{G}$ is shown in [19], and two very simple proofs of the best
possibility of Theorem $\mathrm{G}$ are in [21] and [7].
We need the following lemmas in order to give proofs of our results.
Lemma 7.Let $T$
-
be a nonsingular $po\mathit{8}itive$ operator. If $XTX=YTY$ holds for
$\mathit{8}omeX\geq 0$ and $Y\geq 0$ , then $X=Y$ .
Proof. If $XTX=YTY$ holds for some $X,$ $Y\geq 0$ , then we have $( \tau\frac{1}{2}xT^{\frac{1}{2}})^{2}=$
$( \tau\frac{1}{2}YT^{\frac{1}{2}})^{2}$ , so that $T^{\frac{1}{2}}X \tau^{\frac{1}{2}}=\tau\frac{1}{2}Y\tau^{\frac{1}{2}}$ holds and the nonsingularity of $T$ ensures
$X=Y$.
Lemma 8. If $A$ is a positive operator such that $M\geq A\geq m>0$ and $B$ is a positive
contraction, then
$\frac{(M+m)^{2}}{4Mm}A\geq BAB$ .
Proof. By the Kantorovich inequality, we have $(ABx, BX)(A^{-}1BX, Bx)\leq K||Bx||^{4}$
for any unit vector $x\in H$ , where $K= \frac{(M+m)^{2}}{4Mm}$ . Hence it follows that
$(ABx, BX)(A^{-}1BX, Bx)\leq K(B^{2}X,X)^{2}$
$\leq K(Bx,x)^{2}$ by $I\geq B\geq 0$
$=K(A^{-\frac{1}{2}}BX, A \frac{1}{2}x)^{2}$
$\leq K(A^{-1}Bx, BX)(Ax,x)$ ,
so the proof is complete.
Remark 2. (1) In Lemma 8, one might conjecture the following $(*)$
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$(*)$ $A\geq BAB$ holds for any positive operator $A$ and any positive contraction
$B$
instead of $\frac{(M+m)^{2}}{4Mm}A\geq BAB$ . But we can give a counterexample to this conjecture
as follows. Take $A$ and $B$ as follows:
$A=$ and $B= \frac{1}{2}$ .
Then $A\geq 0$ and $I\geq B\geq 0$ , but we have
A–BAB $=$ ( $- \frac{3}{4}\frac{1}{4})\not\geq 0$ .
(2) Moreover, one might conjecture the following $(^{**})$
$(^{**}) \frac{(M+m)^{2}}{4Mm}A\geq B^{*}AB$ holds for any positive operator $A$ and any contraction $B$
instead of the positive contractivity of $B$ . But we can give a counterexample to this
conjecture as follows. Take $A$ and $B$ as follows:
$A=$ and $B=$ .
Then $A\geq 0$ and $I\geq B^{*}B$ , but we have
$\frac{(M+m)^{2}}{4Mm}A-B^{*}AB=$ ( $\frac{9}{\frac{\#}{4}})\not\geq 0$ .
The following characterization of chaotic order is shown in [4] and [10].
Theorem D. Let $A$ and $B$ be invertible positive operators. Then the following
$p_{7}opertie\mathit{8}$ are mutually equivalent:
(I) $A\gg B$ (i.e., $\log A\geq\log B$ ).
(II) $A^{p}\geq(A^{\mathrm{z}}2B^{p}AR2)^{\frac{1}{2}}$ holds for all $p\geq 0$ .
(III) $A^{u}\geq(A^{\frac{u}{2}}BpA^{\frac{u}{2}})^{\frac{u}{p+u}}$ hol& $for$ all $p\geq 0$ and $u\geq 0$ .
$(\mathrm{I})\Leftrightarrow(\mathrm{I}\mathrm{I})$ is shown in [1]. Recently a simple and excellent proof of $(\mathrm{I})\Rightarrow(\mathrm{I}\mathrm{I}\mathrm{I})$
is shown in [20] by only applying Theorem F. Here we cite the following simplifed
implication since $(\mathrm{I}\mathrm{I}\mathrm{I})\Rightarrow(\mathrm{I}\mathrm{I})$ is trivial.
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Simplified proof of $(\mathrm{I}\mathrm{I})\Rightarrow(\mathrm{I})$ of Theorem D. (II) yields
$\frac{A^{p}-1}{p}\geq\frac{(A^{\mathrm{E}}2B^{p}A^{\mathrm{z}}2)\frac{1}{2}-I}{p}$
$=( \frac{A^{\epsilon \mathrm{z}}2(B^{p}-I)A2}{p}+\frac{A^{p}-I}{p})$ {(A $B^{p}A2) \frac{1}{2}+2I$ }
and tending $p\downarrow \mathrm{O}$ , so we have $\log A\geq\frac{1}{2}(\log B+\log A)$ , that is, $\log A\geq\log B$ .
Lemma 9. If $M>m>0$ , then
$\lim_{sarrow+\infty}(\frac{(M^{s}+m^{s})^{2}}{4m^{s}M^{s}})^{\frac{1}{\mathit{8}}}=\frac{M}{m}$.




Now, we start with the proofs of our theorems.
Proof of Theorem 1.
$(\mathrm{I})\Rightarrow(\mathrm{I}\mathrm{I})$ . For each $p\geq 0$ and $u\geq 0$ , put $A_{1}=A^{u}$ and $B_{1}=(A^{\frac{u}{2}}B^{p}A^{\frac{u}{2})^{\frac{u}{\mathrm{p}+u}}}$
in (III) of Theorem D. Then we have $A_{1}\geq B_{1}\geq 0$. By Theorem $\mathrm{A}$ , it follows that
for each $t\in[0,1]$ ,
(1) $A^{\frac{(\mathrm{p}_{1^{-}}t)_{S+}r}{1q}} \geq\{A^{\frac{r}{12}}(A_{11}^{-\frac{t}{2}}B^{p}1A_{1}-\frac{t}{2})SA\frac{r}{12}\}^{\frac{1}{q}}$
holds for any $s\geq 1,$ $p_{1}\geq 1,$ $q\geq 1$ , and the following conditions (2) and (3)
(2) $r\geq t$ ,
(3) $(1-t+r)q\geq(p_{1}-t)_{S+r}$.
Put $p_{1}=p_{\frac{+u}{u}}\geq 1$ in case $u>0,$ $q=2,$ $r=(p_{1}-t)_{S}$ and also put $\alpha=1-t$ in
(2) and (3). Then (3) is satisfied, so the only required condition (2) is equivalent to
the following
(4) $(p+\alpha u)s\geq(1-\alpha)u$ .
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Therefore, (1) implies that for each $\alpha\in[0,1],$ $p\geq 0$ and $u\geq 0$ ,
(5) $I \geq A^{-}\frac{(p+\alpha u)\epsilon}{2}\{A^{\frac{\{\mathrm{p}+\alpha u)\mathit{8}}{2}}(A^{\frac{\alpha u}{2}B^{p}}A\frac{\alpha u}{2})^{s}A^{\frac{(p+\alpha y)s}{2}\}}\frac{1}{2}A^{-\frac{(p+\alpha u)s}{2}}$
holds for $s\geq 1$ and the condition (4). Let $T$ be defined by the right hand side of
(5). Then it $\mathrm{t}\mathrm{u}\mathrm{r}\mathrm{n}\mathrm{s}\sim$ out that $T$ is an inv.e$.\mathrm{r}$tible positive contraction by (5), so that we
have
(6) $A^{\frac{(p+\alpha u)\mathit{8}}{2}TA^{\frac{(\mathrm{p}+\alpha u)S}{2}}}=\{A^{\frac{\{p+\alpha u)\epsilon}{2}(A^{\frac{\alpha u}{2}}}BpA^{\frac{\alpha u}{2})}sA^{\frac{(p+\alpha u)s}{2}}\}^{\frac{1}{2}}$ .
Taking square both sides of (6), we obtain
$A^{\frac{(p+au)\epsilon}{2}\tau}A^{(p+} \alpha u)_{S}\tau A^{\frac{\{\mathrm{p}+\alpha u)s}{2}}=A^{\frac{(\mathrm{p}+\alpha u)s}{2}()^{S}A}A^{\frac{\alpha u}{2}B^{p}A^{\frac{\alpha u}{2}}}\frac{\{\mathrm{p}+\alpha u)s}{2}$
That is, we have the following equation
(7) $\tau A^{(p)}+\alpha \mathrm{u}s_{T}=(A^{\frac{\alpha u}{2}B^{p}A^{\frac{\alpha u}{2}}})s$
holds for $s\geq 1$ and $(p+\alpha u)_{\mathit{8}}\geq(1-\alpha)u$ in case $u>0$ . Next we check (7) in case
$u=0$. In fact (II) of Theorem $\mathrm{D}$ ensures $I\geq T=A^{-_{2}R}-(A^{2}2B^{p}A\epsilon)^{\frac{1}{2}-_{R}}2A-2$ for all
$p\geq 0$ , so $TA^{ps}T=B^{ps}$ holds for $p\geq 0,$ $s\geq 1$ and this equation is just (7) in case
$u=0$. The uniqueness of $T$ in (7) folows by Lemma 7.
$(\mathrm{I}\mathrm{I})\Rightarrow(\mathrm{I}\mathrm{I}\mathrm{I})$ . Put $p\geq u\geq 0$ in (II). Then the required condition $(p+\alpha u)s\geq$
$(1-\alpha)u$ is satisfied, so we have (III).
$(\mathrm{I}\mathrm{I}\mathrm{I})\Rightarrow(\mathrm{I}\mathrm{v})$. Put $u=0$ or $\alpha=0$ and $s=1$ in (III).
$(\mathrm{I}\mathrm{V})\Rightarrow(\mathrm{I})$ . Assume (IV). Then we have
$(A^{\epsilon R}2\tau A2)^{2}=A^{2}2TA^{p}TA^{\mathrm{r}2}2=A2BpAR2$ by (IV).
By raising each sides to power $\frac{1}{2}$ , it follows $\mathrm{h}\mathrm{o}\mathrm{m}\mathrm{L}_{\ddot{\mathrm{O}}}\mathrm{W}\mathrm{n}\mathrm{e}\mathrm{r}$ -Heinz inequality that
(8) $A^{p}\geq A^{Re}2TA2\geq(A^{R}2B^{p}A2)^{\frac{1}{2}}\epsilon$ ,
and the first inequality holds since $I\geq T\geq 0$ and we have (I) by Thereom D.
Whence the proof of Theorem 1 is complete.
Proof of Theorem 2.
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$(\mathrm{I})\Rightarrow(\mathrm{I}\mathrm{I})$ . The hypothesis $M\geq A\geq m>0$ ensures $M^{p+\alpha u}$) $s\geq A^{(u}p+\alpha$)$s\geq$
$m^{(p+u)S}\alpha>0$ for the hypothesis on $\alpha,p,$ $u$ and $s$ , so the proof is complete by (II) of
Theorem 1 and Lemma 8.
$(\mathrm{I}\mathrm{I})\Rightarrow(\mathrm{I}\mathrm{I}\mathrm{I})$ . Put $p\geq u\geq 0$ in (II). Then the required condition $(p+\alpha u)s\geq$
$(1-\alpha)u$ is satisfied, so we have (III).
$(\mathrm{I}\mathrm{I}\mathrm{I})\Rightarrow(\mathrm{I}\mathrm{v})$ . We have only to put $u=0$ or $\alpha=0$ and $s=1$ in (III).
$(\mathrm{I}\mathrm{V})\Rightarrow(\mathrm{I})$ is shown by Theorem C.
Whence the proof of Theorem 2 is complete.
Proof of Theorem 3.
(I) $\supset(\mathrm{I}\mathrm{I})$ . Since $A\geq B\geq 0$ and $A>0$ , if we put $q=2$ in the grand Furuta
inequality, then for $p\geq 1,$ $s\geq 1$ and $t\in(\mathrm{O}, 1]$
(9) $A^{\frac{(p-t)s+r}{2}} \geq\{A^{\frac{r}{2}}(A^{-\frac{t}{2}B^{p}}A^{-\frac{t}{2}})^{s}A\frac{r}{2}\}^{\frac{1}{2}}$
holds under the following conditions (10) and (11)
(10) $r\geq i$ ,
(11) $2(1-t+r)\geq(p-t)s+r$.
If we moreover put $r=(p-t)s$, then (11) is satisfied and (10) is equivalent to the
following
(12) $(p-t)_{S\geq t}$ .
Therefore, (9) implies that for $t\in(\mathrm{O}, 1],$ $p\geq 1$ and $s\geq 1$
(13) $I \geq A^{\frac{-\mathrm{t}p-t)s}{2}\{A^{\frac{\mathrm{t}p-t)s}{2}}}(A^{-\frac{t}{2}}B^{p}A^{-}\frac{t}{2})^{s_{A}}\frac{(p-t)s}{2}\}^{\frac{1}{2}}A\frac{-(p-t)s}{2}$
holds for the condition (12). Let $T$ be defined by the right hand side of (13). Then
it turns out that $T$ is an invertible positive contraction by (13), so that we have
$A^{\frac{(p-t)_{\delta}}{2}TA^{\frac{\{p-t)_{\delta}}{2}}}= \{A^{\frac{r}{2}}(A^{-\frac{t}{2}}B^{p}A^{-}\frac{t}{2})^{s}A\frac{r}{2}\}^{\frac{1}{2}}$.
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Taking square both sides, we obtain
$A^{\frac{(p-t)s}{2}TA^{()\frac{\langle p-t)\mathit{8}}{2}}}p-ts\tau A=A^{\frac{(p-t)\epsilon}{2}}(A^{-\frac{t}{2}}BpA^{-\frac{t}{2}})sA^{\frac{(p-t)s}{2}}$
That is, we have the following equation
TA$(pt-)s\tau=(A^{-t/2}B^{\mathrm{p}}A^{-t}/2)^{s}$
$(\mathrm{I}\mathrm{I})\Rightarrow(\mathrm{I}\mathrm{I}\mathrm{I})$ . Put $t=1$ and $\mathit{8}=1$ in (II).
$(\mathrm{I}\mathrm{I}\mathrm{I})\Rightarrow(\mathrm{I})$ . If we put $p=2$ in (III), then we have
$TAT=A-1/2B2A-1/2$ ,
so that it follows that
$(A^{1/2}TA^{1/2}2)=A^{1/2}$TATA$1/2=B^{2}$ .
By raising each sides to power $\frac{1}{2}$ , it follows that
$A\geq A1/2TA1/2=B$ ,
and the first inequality holds since $I\geq T\geq 0$ .
Whence the proof of Theorem 3 is complete.
Proof of Theorem 4.
$(\mathrm{I})\Rightarrow(\mathrm{I}\mathrm{I})$ . The hypothesis $M\geq A\geq m>0$ ensures $M^{(\mathrm{p}-t)s}\geq A^{(p-t}$) $S\geq$
$m^{(p-t)s}>0$ for the hypothesis on $t,p$ and $s$ , so the proof is complete by (II) of
Theorem 3 and Lemma 8.
$(\mathrm{I}\mathrm{I})\Rightarrow(\mathrm{I}\mathrm{I}\mathrm{I})$ . If we put $t=1$ in (II), then we have (III) by the L\"owner-Heinz
theorem.
$(\mathrm{I}\mathrm{I}\mathrm{I})\Rightarrow(\mathrm{I}\mathrm{v})$ . If we put $sarrow\infty$ , then we have (IV) by Lemma 9.
$(\mathrm{I}\mathrm{V})\Rightarrow(\mathrm{I})$ . If we put $p=1$ , then we have (I).
Proof of Corollary 5. Put $s=1$ in (III) of Theorem 4.
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Proof of Theorem 6. Put $A_{1}=A^{\delta}$ and $B_{1}=B^{\delta}$ , then $A_{1}\geq B_{1}\geq 0$ and
$M^{\delta}\geq A^{\delta}\geq m^{\delta}$ . By applying (III) of Theorem 4 to $A_{1}$ and $B_{1}$ , it follows that
$( \frac{(M^{\delta(1)}p_{1}-s+mp1-1)s)\delta(2}{4m^{\delta(\mathrm{P}1}-1)sM^{\delta(p1}-1)s})^{\frac{1}{s}}A_{1}^{p1}\geq B_{1}^{p_{1}}$ holds for $p_{1} \geq\frac{1}{s}+1$ .
Put $p_{1}= \rho\delta\geq\frac{1}{s}+1$ , then we have the desired inequality
$( \frac{(M^{()(\mathrm{P}}p-\delta s+m-s)s)2}{4m^{(_{\mathrm{P}^{-}}\delta)M}s(p-\delta\rangle s})^{\frac{1}{\epsilon}}A^{p}\geq B^{p}$ holds for all $s\geq 1$ and $p \geq(\frac{1}{s}+1)\delta$.
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